The sine-Gordon Y-systems and those of the minimal M p,q + φ 13 models are determined in a compact form and a correspondence between the rational numbers and a new infinite family of multi-parameter functional equations for the Rogers dilogarithm is pointed out. The relation between the TBA-duality and the massless RG fluxes in the minimal models recently conjectured is briefly discussed. *
Introduction
In [1] Al.B. Zamolodchikov has proposed a transformation of the TBA equations [2, 3, 4] for the so-called ADET diagonal scattering showing clearly their relation with a system of functional equations now known as ADET Y-systems. Many other Y-systems have now been discovered, and the importance of these relations in connection to the theory of integrable models has greatly increased: not only excited states , different phases of the same model and models that differ only in the boundary conditions imposed satisfy the same Y-system equations in all known cases, but also many definitely different models lead to the same equations [5, 6, 7, 8, 9] . The origin of this kind of universality is partially due to the rigid structure of this object, imposed by two remarkable properties: the stationary dilogarithm sum-rules, related to the UV and IR Casimir effect, and the periodicity related to the conformal dimension of the UV (IR) perturbing operator. In a recent paper [10] a new important mathematical property has been pointed out: using as a basic object the so-called ADET ⋄ ADET Y-systems [12, 13] a new family of multi-parameter functional dilogarithm 1 equations (FDE) [14] generalization of the Abel's and Euler's formulas has been proposed 2 . The above two properties and the physical interpretation of this result given in [10] suggest the possibility of finding new FDE using the Y-systems of the known models: the aim of this letter is to show how to construct in a simple way FDE using the sine-Gordon TBA or its reduced form associated to the minimal models. The first part of this letter is devoted to the explicit formulation of these two families of Y-systems in a compact form; this is also an original result and the "fusion at the massive node" [17] can be generalized to these Y-systems for obtaining the TBA equations of all the Z n supersymmetric versions [18] of the sine-Gordon or their reduced models. In the second part we present the result concerning the new functional dilogarithm identities and finally the relation between the TBA-duality connecting the theories
and the presence of non-unitary (unitary) massless fluxes in the minimal models is briefly discussed.
The sine-Gordon Y-systems
The SG theory provides the simplest example of an exactly solvable relativistic quantum field theory. The SG Lagrangian is
and its S-matrix is the minimal O(2)-symmetrical solution of the unitarity, crossing and factorization equations [19] . The spectrum of the theory consists of a soliton and a number of soliton-antisoliton bound states with masses
In order to obtain the TBA equations we have to apply the algebraic Bethe ansatz, and in developing this procedure in general in addition to the physical particles a finite number of pseudoparticles (also known as magnons) describing the colour interchange of the soliton must be introduced. The thermodynamic problem for the sine-Gordon model in the repulsive region is directly related to those of the XXZ models solved by Takahashi and Suzuki [20] . For finding the TBA equation in both the attractive and repulsive regimes directly from the SG S matrices we used standard methods [2, 5, 20, 21] and the details of this derivation are not important in this context. The passing from the TBA equation to a "minimal" compact expression for the associated Y-system is quite a direct but a tedious calculation , our results confirm the structure depicted in [22] : the sine-Gordon Y-system can be represented as a nested structure of a concatenation of A n i Dynkins diagram ending with a
To be more precise, the Ysystem is uniquely defined by the simple continued-fraction 3 representation for the spectral parameter ξ 4 . Let us consider first the case n 1 = 0,
the TBA equation at this point contains n 1 breathers, a soliton and F i=2 n i magnons for a total of n T = F i=1 n i (pseudo)particles . Defining the shifts
, (2.5)
we associate to any (pseudo)particle a node in a D n T Dynkin-like diagram.
In figure 1 a graphical representation, a generalization of those in [22] for the SG at ξ = , is introduced for the readers convenience; the first n 1 -nodes on the tail correspond to the breathers and the node n 1 + 1 to the soliton, the others are the magnons. In the following we shall indicate as f ≡ n T and f ≡ n T − 1 the two nodes on the bifurcation of the D n T diagram. Defining for any node a shift
and for any pair of nodes {i, j} an exponent
with c i,j = 0 if i and j are not adjacent. The Y-system for the nodes in the set 
For the node
for all the other nodes
In eq.(2.11) the sum runs over all adjacent nodes of the D n T Dynkin diagram. Finally the Y-systems atξ = 1/ξ in the repulsive region can be obtained from those at ξ by the change c i,j → −c i,j and s i → s i /ξ; this is the so-called TBA-duality in the sine-Gordon model.
The reduced Y-system can be obtained as limit
of the above equations , this also forces Y n T −2 → 0 or Y n T −2 → ∞. In taking the limit (2.12) we substitute the equation for the node n T − 2 in the equation for the node n T − n F . Considering that now the last three nodes decouple, equations (2.9,2.11) continue to hold. The only equation that formally changes is that for the node
using the procedure of [12, 17, 22] the resulting Y-system can be used to describe all the minimal reduced theories of the Z n supersymmetric-sineGordon models, for instance the case n = 2 corresponds to the minimal N = 1 supersymmetric series. As usual the full TBA equations can be obtained via standard Fourier transformations.
New functional dilogarithm equations
The Rogers dilogarithm [14] L(x) with 0 ≤ x ≤ 1 is the unique function defined by the integral representation 14) it is three times differentiable and satisfies the Euler functional equation 15) as well the five term relationship known also as the Spence and Abel functional equation
Together with the periodicity properties that can be numerically verified with high precision
we have all the basic ingredients in order to construct our FDE. Following [10] we introduce the function
and defining the quantities 19) with an appropriate number of initial conditions we find the following identities and 
for F = 1,
for F = 2, and
for F = 3. Equations (3.20) and (3.21) are the main result of this letter. In general in the sums (3.20,3.21 ) there are two identical independent FDE. It is possible to remove one solution with an identical choice of the initial conditions and dividing by two the final result. In the following we will assume that this procedure is applied. We have the following identification with the theories in [10] : , (3.27) the with initial conditions {Υ(0) = x , Υ(2) = y , Υ(4) = z , Z(1) = k} we find
x(1 + k + y) + H 1 + k + x + kx + y + ky + xy kxy + H 1 + k + y + z + kz yz + H (1 + k + x)(1 + k + y) kz(1 + k) = 9 .
Comments and conclusions
Finally let us make some comments on the TBA-duality characterized in [22] and connecting two theories in different regimes in the SG and in the RSG models. First we note that this duality-like relation is the off-critical version of the symmetry p q ↔ q − p q , (4.29) of the counting solution for the XXZ chain [30] , and that in the RSOS models this transformation connect the critical line in the regime III/IV to that in the regime I/II. An important generalization of the L-state RSOS are the RSOS(P,P) models obtained by the fusion of P × P blocks of face weights together. The continuum limits of these theories in the regime III/IV are ( see ref. [32] and references therein) the SU(2) P × SU(2) L−1−P /SU(2) L−1 GKO constructions, but in the regime I/II all these theories have as same continuum limit the Z L−1 models. This multi-to-one correspondence has an
